This article introduces a family of analytical functions of the form x ν K ν (x), where K ν is the incomplete Bessel function of the third kind. This family of functions can describe the density profile, projected and integrated light profiles and the gravitational potentials of galaxies. For the proper choice of parameters, these functions accurately approximate Sersic functions over a range of indices and are good fits to galaxy light profiles. With an additional parameter corresponding to a galaxy core radius, these functions can fit galaxy like M87 over a factor of 10 5 in radius. Unlike Sersic profiles, these functions have simple analytical 2-dimensional and 3-dimensional Fourier transforms, so they are easily convolved with spatially varying point spread function and are well suited for photometric and lensing analysis. We use these functions to estimate the effects of seeing on lensing measurements and show that high S/N measurements, even when the PSF is larger than the galaxy effective radius, should be able to recover accurate estimates of lensing distortions by weighting light in the outer isophotes that are less effected by seeing.
optimal and use most of the information in an astronomical image. While there has been significant progress in the past few years, astronomers have not yet converged on an approach for image analysis (Bridle et al. 2009 ).
Most image analysis takes one of two approaches: (1) fit an analytical form to the light profile such as the Sersic profile to the galaxy distribution or (2) use an orthogonal basis function to characterize the ellipticity of an image. While Sersic profiles have proven to be remarkably successful at fitting galaxy light profiles outside of the central cores of galaxies (Kormendy et al. (2009) ), applying them to galaxy images requires non-linear fits to the data (Ngan et al. 2009 ) and computing the effects of seeing is computationally demanding. The later approach (e.g., (Bernstein & Jarvis 2002) ) is computationally simpler and mathematically elegant; however, Gaussians are poor approximations to galaxies.
The goal of this paper is to define a basis function that combines the advantages of both approaches. §2 introduces a series of functions, u ν K ν (u) that have a simple representation in Fourier space, so can be easily used in image analysis, and are good approximation to Sersic profiles and more importantly to galaxy photometry. §3 generalizes these functions to triaxial systems. §4 applies these functions for galaxy photometry and §5 considers the effects of seeing and its implications for lensing measurements.
Analytical Functions for Starlight Profiles
We consider a family of models whose 3-d Fourier profile has the form:
(1)
-4 -where r 0 is the half-light radius, c ν is a constant given in table 1 and ν > −1. Projecting this to two dimensions, the Fourier transform retains its simple form:
Moving to real space, these profiles correspond to analytical 2-dimensional profiles:
where
and K ν (u) is a modified spherical Bessel function of the third kind. The Appendix describes some useful properties of these functions.
For ν = j + 1/2, this has a simple form:
At small u, f ν (u) → 1/(2(ν + 1)) for ν ≥ 0 and f ν (u) → u 2ν /(2(ν + 1)) for −1 < ν < 0. At
By going back to Fourier space and integrating by parts, we can analytically evaluate the integrated light profile of the one component model,
Using equation (8), we can solve (1 + ν)f ν+1 (c ν ) = 1/4 and determine the half-light radius for the distribution. Table 1 lists the values of the c ν so that r 0 is the half-light radius for the light distribution.
We can also evaluate the 3-dimensional density profile,
We can evaluate the potential, by first multiplying by r and differentiating,
and then integrating again with respect to r to find,
where L ν is a modified Struve function.
For ν = 0, this reduces to a simple form::
Since ν = 0 is intermediate between an elliptical galaxy profile (ν = −0.6) and an exponential proflie (ν = 0.5), it is a simple potential for a plausible generic stellar model.
We can write the potential in an alternative form by recalling the large x expansion of
and one of the definitions of the incomplete Gamma functions,
Thus,
where Γ(α, x) is the incomplete Gamma function and
There are several interesting extensions to the one component representation:
(1) Fixed ν models An alternative to using the index of the functions (ν) as one of the parameters in the galaxy fit is to represent the galaxy light profile as a sum of an exponential term (ν = 0.5) and a very extended profile selected to fit galaxies like M87
(ν = 0.85):
where r 0 is fit to the scale length of a given galaxy. The coefficient 0.35 was selected so that the two profiles span the same ranges as the Sersic functions, so that most galaxy profiles can be represented as a sum of the two functions with the same value of r 0 . Figure Fig to have the same amplitude at r = r 0 , the later term contains more mass for β = 0.5.
Note that this fitting function has three free parameters (L 1 , L 2 , r 0 ), the same number of parameters as the Sersic profile (L, n, r 0 ) and the profile introduced earlier in this section (L, ν, r 0 ). The main advantage of Equation (17) is apparent in §4 where we show that we can precompute the effects of atmospheric seeing. (2) Core Radii For galaxies with well defined cores but extended light profiles (see Figure 3) , we can generalize the ν < 0 profile by adding a second component and an additional parameter, r core :
This two component form approaches an exponential for r < r core < r 0 . This generalized surface brightness distribution also has a simple representation in Fourier space:
(3) Triaxial Galaxies. These profiles can be generalized to triaxial galaxies by introducing a a change of variables to a new set of coordinates, r = F u and q = F −1 s, so that we can rewrite our profiles,
in a new set of coordinates:
Applying the transformation, k x → k x √ 1 − and k y → k y (1 + ) the two dimensional light distribution in Fourier space becomes,
which has a corresponding real space representation:
We can expand out the Fourier space profile in a Taylor Series:
(24)
The Effect of Seeing and Finite Resolution
In this section, we use the profiles to explore the effects of atmospheric seeing and telescope distortions on determinations of ellipticity.
The observed image, I( r), is a convolution of the galaxy's surface brightness profile, Σ( r) with the effects of the atmosphere and the telescope optics:,
where R turb is the effect of atmospheric turbulence and R telescope is the response function of the telescope. Using Kolmogorov turbulence theory,
where θ F W HM = 2.9207b and b is a parameter that characterizes the correlation length of the atmospheric turbulence. Since most astronomical observations are seeing-limited, we set R telescope = 1 for this section.
Seeing reduces the signal/noise of the fits of galaxy (and star) profiles to the observations. We can estimate the signal to noise by considering fitting a multi-parameter model to the data:
where n 0 is the noise times unit area, ∆Ω is the area of the pixel, r i is the pixel centroid, and I measured is the measured light profile and I model is a model with a number of parameters A. The noise estimate assumes that we are observing faint galaxies and are dominated by atmospheric noise (and/or read noise).
The simplest case is a point source of intensity A:
. The signal-to-noise for point source detection is:
In the continuum limit, we can use Parseval's theorem to evaluate the signal-to-noise:
For a circularly symmetric galaxy fit with the profile of section 2, the observed profile can again be calculated by the convolution integral: -14 -
The signal-to-noise for the galaxy detection is the second derivative of χ 2 with respect
where (S/N ) P S is the signal-to-noise for the detection of a point source of the same magnitude.
Note that the effect of galaxy finite size is to degrade the S/N by the ratio of the effective areas of a seeing convolved point source to the seeing convolved galaxy. Seeing has an even more dramatic effect on the ellipticity of the image. The convolution of the cos(2φ) term in the light profile,
I
is shown in Figure 5 . Seeing makes the central region of the galaxy round and has a reduced effect in the outer profile. Because the outer profile is less effected by seeing, it is useful to use a functional form that is a good fit to the outer profile for measurements of ellipticity.
Galaxies are not well-described by Gaussians and the Hermite profile based determination of ellipticities are "missing" the information in the outer profiles.
We can again estimate the signal to noise by differentiating the fit:
Because the cos(2φ) term is orthogonal to the symmetric term, the error on the second term is again just the second derivative with respect to its amplitude:
where the (1/2) factor comes from angle averaging cos(2φ r ). Using Parseval's theorem and Equations (31-34):
where, This yields:
Figure (6) quantifies the additional integration time needed to measure the ellipticity with an uncertainty, σ = 1/5 by plotting the point source signal to noise needed as a function of the ratio of the PSF FWHM to the effective radius of the galaxy,
Figure (4 -6) show the effects of atmospheric seeing on lensing measurements. The left panels in Figures (4) and (5) show that as the seeing degrades, the image gets broader.
While the right panel shows that as the seeing degrades, the images appear rounder, particularly in the inner regions. Note that seeing has less of an effect on the outer isophotes. Thus, high S/N observations can recover accurate ellipticity measurements, even if θ F W HM > r 0 . However, since the information about the ellipticity is only in the outer isophotes, it is important to use an optimized weighting scheme.
Fitting the Profile to Observations
This section presents an algorithm for fitting light profiles to multi-image stacked data.
The algorithm utilizes a linearized version of the two component light profile introduced in the previous section (see equation (42)). Since the goal of this approach is to have a fast linear algorithm that can be applied to large data sets, the profile is expanded in a power series in the image size and shape and the convolution of the seeing with each of the terms in the series is precomputed. Since we are also expanding the PSF in a series of terms, we can simultaneous fit for multi-frame images with little increase in computational cost.
The final step in the fit is a non-linear step that is not very computationally intensive and returns the intensity, size, shape, profile, and orientation of each galaxy image. This point source S/N is shown as a function of the ratio of the FWHM of the PSF to the effective radius of the galaxy. The solid line is for a ν = −0.6 profile, which corresponds to an elliptical galaxy. The dashed line is for a ν = 0.5 profile, which corresponds to an exponential profile.
Following the approach outlined in section 2, the galaxy profile is parameterized as a five parameter fit: the amplitude of the exponential profile, L 1 , the ampltude of the elliptical M87-like profile term, L 2 , a flattening term, , a scale radius r 0 and an orientation, 
where ν 1 = 0.5, ν 2 = −0.85, γ 1 = 1/c 1/2 , and γ 2 = 1/0.35. Note that we are fitting a single value of r 0 , the effective radius to the prorfie.
The first step in the analysis is to fit for the position of the galaxy, θ g and estimate its size from measuring its half light radius. By first computing the convolution of a series of circularly symmetric galaxy profiles with different characteristic size (e.g., in steps of 0.1"), the profile fitting calculation becomes a linear problem. Instead of fitting for r 0 , the effective radius, we can fit for
where r i is one of the nearest precomputed fit to the initial list of values . Expanding the profile as a Taylor series in (∆ + (1 − ∆) cos(2(φ − φ 0 )):
We then rewrite the profile as a sum of terms with linear fit coefficents:
where the sum over i, j and m is represented as a sum over q for notational simplicity:
and
The next step is to represent the time-varying and spatially varying PSF can be expanded as a sum of specified (but not necessarily orthogonal functions), P s (see e.g., (Jarvis & Jain 2004) ):
] where t n is the time of each frame, θ g is the galaxy position, and P s ( k) is the Fourier transform of the basis function. Typically, U s ( θ, t p ) will be fit to stars in the image.
The image profile in a given frame can now be expressed as a sum,:
over a series of terms that can be precomputed once for a series of effective radii, r i :
These function,μ ijms , describe the convolution of a term in the expansion of the galaxy light profile with a term in the expansion of the PSF.
Fitting the convolved linear profile to the observations is now a linear process that fits the galaxy light profile coefficients, a k , to all of the data in the stack:
where the sum over l is a sum over pixels. The best fit is the solution to a linear equation,
are evaluated as a sum over pixels and frames using precomputed functions. This linear fit takes N stack N pix N 2 galterms steps to evaluate N kk and N 3 galterms steps to invert the matrix. If we expand to first order in the ellipticity, then N galterms = 6. If we work to fourth order, then N galterms = 15. This very rapid process should enable fits to individual observations in the stack.
We then do a nonlinear fit to solve for the amplitude of the terms in the expansion, L 1 , L 2 , , φ 0 , and ∆:
where a q is defined in Equation (46). This operation is very quick as it takes only 5N galterms steps to evaluate the non-linear fit.
Conclusions and Next Steps
This note introduces a basis function that may prove useful for the analysis of galaxy images, particularly for lensing work. In a subsequent paper, we will test this approach against the GREAT08 simulations (Bridle et al. 2009 ).
There are several possible extensions to this parameter fit. We can include priors on and modified the χ 2 (Equation (55) to be a likelihood function and then marginalize over the galaxy size and position. We could then also include priors on the ellipticity functions (Kitching et al. 2008) . Other possible generalization would be to include PSF uncertainties and to generalize the expansion to include shapelet terms.
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